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Summary
The paper presents the analysis ofaclass ofdesigns suitable for the experiments

where p(>1) responses orcharacteristics are under study with only some and not all these
charactenstics being measured on each experimental unit. Such designs are called
Incomplete Multiresponse (IM) designs. The general discussions ofthe issues involved
in IM designs have been considered by Monahan [2] and Srivastava [6].
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Introduction

Let there be Nexperimental units divided into udisjoint sets SI,S2,... ,Su.
u

ith set contains Nj units such that 2 Nj = N. Number ofresponses measured
i=l

oneach unit inS; is p; (s p), with p; less than pfor atleast one i, i=1,2, ...,u. The
responses measured inthe ith set are selected according to some rule Dj which may
be called "response-wise design". Let v denote the number oftreatments-under
study which are same for all the sets. They give rise top treatment effect vectorsv-
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A balanced connected block design D2i is used in the ith set, i = l,2,...,u.
D2i's may be same or different in all thesets.Forsimplicity, Srivastava [5]took
thesamedesignD^,namely aBIBDinalltheusets,whereu represents thedifferent
places or different points of time, where or when thedesigns Dai's areused. The
reduced normal equations for the ith set are

S(i)E(Qi)vxp, =Ci i''

where Q denotes C-matrix of and contains those pi vectors of
response measured iitthe ithset. Srivastava [5]usedthe following form

E(Qi) = [Q + aiJ^]

where J | = 0

His analysis dependson the decompositionof Q in the form

m

Q = 2 Oiq Fq
q=l

i = l,2,...,u

such that

m

2 Fq =J
q=l

ajq's are known scalars, Jbeing amatrix with all unities and the proper choice of
aj's . Decomposition of Q in the above form may not be always possible.
Moreover his method of estimation ofvectors of responses | is quite complicated.

Ithasbeenshowninthisnotethatforany givenresponse-wisedesign Di and
for balanced cormected (BC) block designs Dai's (Da's may be same or
different intheu sets), i = 1,...., u, theanalysis canbecarried outmuch moreeasily
in a straightforward manner. Furtherweshowthat, forefficiency balanceddesigns
used in different sets, similar simpler analyses can also be achieved.

2. Analysis for (variance) balanced designs

Suppose p = Number of responses measured in the experiment;

u = Number of sets of experimental units.

Let pi ( s p) responses be measured on each experimental unit in the ith
set, i = 1,2,...., u.

• • • ?ip
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= Expected values of the responses to different treatments.
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Under the usual model

E (Si) = Q where Qji =

•Qiii
Qi21

Qivl

or E(Qi) =Qi|B®

where Qi = [ Qii. . . Qjp, ]
vxpj

and

vxl

is a p XPi matrix wherethe columnvectorcorresponding to response '1'
measured in the ith set has unity inrow '1' and zeroes elsewhere; i=1,2, ...,p. Now
forabalanced connected design Q = 0i (I - v"'J)where 0i isthe commonpositive
characteristic root of the matrix Q of Da used in the ith set i = 1,..., u .

E(Qi) =0i(I-v-'j)|B«

=0iiB®[ l'| =0']

=^> B(Qi . . . Q„) =|(0iB« . . .0„B<"')

or E(Q) = ^L (1)

where Q=(Qi . . . and L-(0iB'') . . . 0,Bt"')p,j;p, :
• i ' . • • i . • .

Now, (1) gives,

E(QL') = ^LL'. (2)

Again, LL'= 2 0?B®B"" =2 0fDi
i=l i

whereD, isa p xpdiagonal matrixwithunityat those p; placeswhichcorrespond
to the pi responses studied on the ith set i = l,2,...,u.

LL' =20fDi = D 2 0?6ii . . . 2 0?6ip
i i
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where 6ii =1 if 1th response is measuredin the ith set;

= O otherwise.

So LL' =D (Ki. . . Kp) (say) .

Hence R(LL') = p

=> LL' is non-singular.

From (2)

E(QL'(LLT') = I

i(i)Now, QL' = 20iQiB'

or

2(0iQii0ii) . . . 2(0iQip6ip)

(QL')(LL'r' =(2 0iQii6,vfc_ . . . 2 0iQip&^)
i i

= (Z) (say)

E(Z) = ^

Zi''

= ^ (3)

where ^' = (Zji ... Zjp), j =1,..., v and Zji =2 0;
i ^

^ One can now easily check that the least square estimator of ^ is given by!
^ = Z. Here the rows of Z are linear functions of Qiji's .

Further, 2 Z|' =0'
j=l
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This means not all Zj's are linearly independent. Hence the dispersion
matrix of Z will be singular.

One can easilyverifythatthe pseudo dispersionmatrixof Z comesout to be

where

^ -1 -1 ... -1
-1 ... -1

D(Z>'vpxvp - ^ X s;pxp

y*^pxp

7=T

iff
ai2

Z6f6i,6|2

K, .

^2ef6?p
^ i

The rest of the analysis can be carried out on exactly the samelines as in Roy et
al. [3].

3. Analysisfor efficiency balanced desiffts

A connected blockdesignis calledefficiency balanced efficiency on

r I= ~|̂ 2 's the same for all 1' e row space of the C-matrix. It is
known [see, forexample, Sinha and Saha [4]thata coimected block designis EB
ifC=p(r® - n'/n). Thus, in the present set up we have

Q =Pi (rf - Tj/n) i = 1, 2 , . . . , u where the symbols have their usual
meanings.

Following the same procedure as in the previous section, we develop now
theestimators fortheefiBciency balanced (EB) designs as follows:

E(Qi) = Q|B«

= Pi(rf-riri'/n)lB«=pirf^B")
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assuming 1/^ = 0'

or, E(rr®Qi) =^piB«

or, ECrl'Qi . . . r;fQJ =^L

where L = (pi . . . Pu.B'°')

Now LL'=2 p? B'̂ ' B'® = 2 pf D;
i i

=(2p?6ii . . . 2p?6ip)

=D(K1 ... K;) (say)

where 6-1 = 1 if 1thresponse is measured in the ith set

= 0 otherwise , i = 1, 2,..., u .

L L' is non-singular.

Qi ... Qu) L' (LL')-' = ^

Further,

(r^Qi . ; , x^Q,) L' (LV y'

or

2 (Pi Oil 6ii)/Kl ... 2 (Pi r[^ 6ip)/K;'
i i

= Z (say)

E(Z) = |

•Zi'"

= 1

?y' (4)

1
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Where Z/= (Zji . . . Zjp ) and =2 pj Qiji Su/rij KJ
i

j = 1,..V ; 1 = 1, 2, . . ., p .

Here also, one can easily verify from (4) that the least square estimator of
^ is I =Z. Since all Zj" are not linearly independent, the dispersion matrix of
Zwill be singular. One can easily show that the pseudo dispersion matrix ofZ is
given by

D(Z) =

Ai B B ... B

B A2 B ... B

B B B ... Av

where

A,"

and

oii ; 3
^ P'

Ki rij n
6?i 2 PiKiKl i.i

vp X vp

(1 1

lij n

1 1

6ii 5i2

V

K2 i.l rij n

— ^ y n' f>2 1 CT12 " 3t .

1 " 3.2

_aiL
£ pf

<'2p " 3
KzK, i_i

iSi i-1

V'ii °

rij n

rii n

2 p?ii.5,
° KIKp i.l

7 2 pi 6i2 6ip
°k5k; i.i

6ii 6i[

6i26ip

6?P

The rest ofthe analysis can now be completed as indicated in Roy etal. [3]
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