)

Jour. Ind. Soc. Ag: Statistics
43(1),1991: 1-8

ON THE ANALYSIS OF BALANCED INCOMPLETE
MULTIRESPONSE DESIGNS

R.K. Mitra
Brahmananda Keshabchandra College, Calcutta
' and
G.M. Saha
Indian Statistical Institute, Calcutta
(Received: November, 1981)

Summary

The paper presents the analysis of a class of designs suitable for the experiments
where p(>1) responses or characteristics are under study with only some and not all these
characteristics being measured on each experimental unit. Such designs are called
Incomplete Multiresponse (IM) designs. The general discussions of the issues involved
in IM designs have been considered by Monahan [2] and Srivastava [6].
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Introduction

Let there be N experimental units divided into u disjointsets S1,S2, ... ,Su.
. u : . -

ith set contains N; units such that 3 N; = N. Number of responses measured

i=1 '

oneachunitinS;is p, ( = p), with p; less thanlp foratleastonei,i=1,2,...,u. The
responses measured inthe ith set are selected according to some rule D, which may

be called “response-wise des?gn", Let v denote the number of treatments.under
study which are same for all the sets. They give rise to p treatment effect vectors:-
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i A balanced connected block de31gn Dy is used in the ith set, i = 1,2,...,u..

Dy; ’s may be same or different in all the sets. For simplicity, Srivastava [5] took
the same design Dy;, namely a BIBD inall the u sets, where u represents the different
places or different points of time, where or when the designs Dy; ’s are used. The
reduced normal equations for the ith set are

E(Q)“p-c g, =12,

where C; denotes C-matrix of Dy; and E() contains those p; vectors of
response measured itt the ith set. Srivastava [5] used the following form

B(Q) = [C; +2; Jo] E”

where- J E=0

His analysis depends on the decomposition of C; ‘in the form

m ’ m
C=Z2Z agqF such that Z Fg=J
q=1 _ g=1

o; iq ’s are known scalars, J being a matrix with all unities and the proper choice of
a;'s . Decomposition of C; in the above form may not be always possible.

Moreover his method of estimation of vectors of responses § is quite complicated.

~ Tthas beenshown in this note that for any given response-wise design D; and

for balanced connected (BC) block-designs Dy ’s (Dz.’s may be same or

different in the u sets), i= 1, ...., u, the analysis can be carried out much more easily

_ina straight forward manner. Funher we show that, for efficiency balanced designs
used indifferent sets, similar simpler analyses can also be achieved.

,2.Analysis for (variance) balanced designs-
' Sﬁppose p = Number of responses measured in the experiment;

-u = Number of sets of experimental units.

Let p ( <p) responses be measured on each experimental unit in the ith
oset,i=1,2,....,u.

= Expected values of the responses to different treatments.
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Under the usual model

Qi

E(Qp)=C & where Q = .Qm.
_ Qivl vx'l‘ '
or  EQ)=Q §B°
where Q=[Qu. .. Q] and

vXp;

B?isap x pl matrix where the column vector corrcspondmg to response ‘1
measured in the ith set has unity in row ‘1’ and zeroes elsewhere i=1,2,..,p.Now

fora balanced connected design C; = 6; (I - v J)where 6; 1s'the common positive
characteristic root of the matrix C; of Dy usedintheithset i=1,...,u.

E(Q)=6,1-v*)EB’
-6EB7[ " IE=0']
= E(Q...Q)=E(@®B"...8, BY) | :
~nor  EB(Q=EL B S (1) '~ co
where Q'='(Ql ‘.. Qy,,, and L= (6,BY . E_)UB(“))TP,(%H. -
.NoW, (6] gives, ‘ ‘
EQL')=%LL". - o @
) R
Again, LL'= 3 67BB? =% 6] D
i=1. i

where D; is a p xp diagonal matrix with unity. at those. pl places whlch correspond."‘ L -
to the pi responses studied on the ith set i=1, 2 : .

L-zeD<D|z@s, . .. ze?aip Sl
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_where  §;=1 if 1th response is measured in the ith set ;
= O otherwise.
So LL'=D(;. .. K) (say).
Hence R(LL')=p
=> LL is non-singular.
From (2)
E(QL (LL)") =§

Now, QL' =36,QB?
i

=26 Q16 ... 2(6; Qp 8)
i i
QL)L )" =(26; Q1 duge . .. Z6,Qp Bing)
i i
=(Z) (say)
E(Z)=§
Z
or E| | =E 3)
Zvl
where .- =(Zyy --- Zp), j=1,...,v and Zy= ZBM

i K,

One can now easily check that the least square estimator of § is given by!
E, =Z . Here the TOWS of Z are linear functions of Qs .

o v
“Furtber, T Z =0

1 - - g S
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- This means not all Z;’s are linearly independent. Hence the dispersion

‘matrix of Z will be singular.
l One can easily verify that the pseudo dispersion matrix of Z comes out to be
i ! .
-1 ... -1
! 1 -1 . -1 )
D(Z)vpep = v X Zpxp
v-1
_where
o
Klllze%s Igﬁ 2936116,2 K—I%pzesa,lé,p '
i
. Oxy 3 09 03] 3
: =308, ... —Lzea 3
. R _ X K2 L 1™ ] K ip
Zop = 2 2Kp
o .
‘iff 26} 8,
i

- The rest of the analysm can be carried out on exactly the same lines as in Roy et
al. [3].

3. Analysis for efficiency balanced designs

A connected block design is called efficiency balanced efficiency on
V@) |
(1'r’1) o
known [see for example Sinha and Saha [4] that a connected block demgn is EB
ifC=p(®-ra). Thus, in the present set up we have

!

la>

is the same forall 1' ¢ row space of the C-matrix. It is

C=p (-5 1/4) i=12,. . .,u where the symbols have their usual
meanings.

Following the same pmcedure as in the previous section, we develop now
the estimators for the efficiency balanced (EB) designs as follows:

E@Q)=GEgBY

=pi(-nn'A)EBY=p fEBY
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_assuming RE= d—

o, EGQ)-EpBY - - 1
“or, 'E(erl ;fQu)=§L

where  L=(p;B” .:. p,B)

Now LL'=Zp'BYB®=5pD
: i i

=>(‘2-?Pi25i1 z.-pizﬁip) '
i i

=D(Ki ... K;) (say)
where 6;; =1 iflth 'respo'nse is measured in the ith set
- =0 othérwise, i=1,2,...,u.
LL' - is non-singular.
EGP Q ... Q)L (LL) =t
Further,

?Q .:. Q)L LL)?

ZEinTQus)/KL - Z (e Qp 8)/KG
1 ’ 1

Z (say)
B@)-§
z/
oo E| |-t _
| A o | @




- where ZJ’ = (Z_]l .. _Z__jp ) and 'Zjl =3 Py Qijl éil/rij Ki )
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' i
i=lL..,v;1=12...,p.

Here also, one can easily verify from (4) that the least square estimator of

€ is § Z.Sinceall Z® are not linearly independent, the dispersion matrix of

Z will be singular. One can easily show that the pseudo dlspersxon matrix of Z is
glven by

D(Z) =
B B B...A
Vp XVp
“where
r u u ) u . s
0—:;' X p 1.1 o <:12 z p?—l-—-l- bz ... -35’7 T p{= L 6.15.p
Ki® oy \Ti 0 KiK? a1 \T§ D KiK; |\ B
u u
ifzz- z p? i-l o ... ﬂL.'E p? —1‘—& 8i2 8ip
A= K& jup W © KiKp ju1 \W B
) u
o 3 Aft-Y)e
Ko ju1 \fi D
PXP
and
.
oul;pb 1"“2;;662 lﬂszlb
h——— (] - i1 Ui e i l
o K im1 0 KiK: x-1 I nK.KPl
1 &
Jok ... —L. E p.6.25 .
B - “Kz2 ‘ TOKIK o1 N ‘
l_ﬂ’_ 2
- Z i 6lp
8K 1

pxp

The rest of the analysis can now be completed as indicated in Roy et al. [3]
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